STABILITY OF SOLUTIONS OF CERTAIN EXTENDED RICCI 

FLOW SYSTEMS 
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Abstract. We consider four extended Ricci flow systems — that is, Ricci flow 
coupled with other geometric flows — and prove dynamical stability for certain 
classes of stationary solutions of these flows. The systems include Ricci flow 
coupled with harmonic map flow (studied abstractly and in the context of Ricci 
flow on warped products), Ricci flow coupled with both harmonic map flow 
and Yang-Mills flow, and Ricci flow coupled with heat flow for the torsion of 
a metric-compatible connection. The methods used to prove stability follow 
a program outlined by Guenther, Isenberg, and Knopf, which uses maximal 
regularity theory for quasilinear parabolic systems and a result of Simonett. 
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1. Introduction 

A fundamental problem in the study of differential equations is to determine 
the asymptotic behavior of solutions. This problem is central to the application of 
differential equations to Riemannian geometry. For example, Eells and Sampson 
demonstrated the existence of harmonic maps by proving that solutions of the har- 
monic map flow converge [6]. Hamilton placed strong restrictions on the topology 
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of three-manifolds admitting positive Ricci curvature by proving that solutions of 
Ricci flow converge [8] (see also (2)|^). 

One way to phrase this problem is in terms of stabilty of stationary solutions to 
the system of equations in question: do solutions with initial data near a fixed point 
converge to that fixed point? For Ricci flow, whose fixed points include Einstein 
and Ricci-flat metrics, there are many stability results. 

To mention a few of these results in the compact case. Ye proved that Einstein 



metrics with certain curvature pinching properties are stable 27 ; Guenther, Isen- 
berg and Knopf proved that certain fiat and Ricci-fiat metrics are stable , and 
some of these results were improved by Sesum ^19^ ; using the results of Sesum, 
Dai, Wang, and Wei proved that Kahler-Einstein metrics with non-positive scalar 
curvature are stable |5 ; Knopf and Young proved that hyperbolic space forms are 



stable Wu proved that complex hyperbolic space is stable 26 . We should 
note that these authors use various techniques and obtain stabilty relative to vari- 
ous topologies on the space of metrics. 

The purpose of this paper is to describe stability of solutions of certain extended 
Ricci fiow systems, which often arise from natural geometric contexts involving 
Riemannian manifolds with additional structure. First, we consider Ricci fiow 
coupled with the harmonic map fiow; see Section [2] If (f> : {Ai,g) — > (A/", 7) is a 
map of Riemannian manifolds, the harmonic- Ricci flow is the coupled system 

Rc +2c V(/) (g> Vcj) 
(1-1) r^^ A 

where Tg .y(f> is the harmonic map Laplacian (or tension field) of 4>, d(j)® dip — 0*7, 
and c is a (possibly time-dependent) coupling constant. This was introduced in the 
case A/" = M in 13 , and the general case was addressed in (TtI. This flow also arises 



naturally in certain contexts; see Section 2.1 for examples. 



For this flow we demonstrate the stability of fixed points ((7,(/)), where g is an 
Einstein metric of negative curvature, and (p is constant. 

Theorem 1.2. Let (p : (M^,g) — > (A/", 7) be a map of Riemannian manifolds. 
Suppose that A4 is compact and orientable, g is Einstein with negative sectional 
curvature ( assumed to be constant when n — 2), and (j) is constant. Then for any 
p G (0, 1), there exists 6 G [p, 1) such that the following holds. 

There exists a {1 -\- 9) little- Holder neighborhood U of {g, (j)) such that for all 
initial data (5(0), 4>{ff)) S U , the unique solution {g(t), (f>{t)) of curvature-normalized 
harmonic-Ricci flow (2.^ exists for all t > and converges exponentially fast in 
the (2 -f p) -Holder norm to a limit {goo, 0oo)- In this limit, <j)ao is constant, g^o — g 
when n > 3, and goo has constant negative sectional curvature when n — 2. 

We next consider Ricci flow on warped products; see SectionjS] Warped products 
R X J^'", where J^™ is a positively-curved Einstein manifold, were used by Simon in 



a construction of metrics with pinching singularities 20 . More recently, Lott and 
Sesum studied Ricci fiow on compact warped products = B"^ x and proved 



several stability-type results 16 . Tran has also considered Ricci flow on warped 



products X where T is Ricci-fiat 24 . Here, we consider fibers (J^™, 7) such 
that 7 is /i-Einstein. The resulting fiow equations on {B x J^,g -\- e^"^7) are 

dtg = -2 Rc +2to d(j) (g) d4> 
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This flow is a modified version of with a one-dimensional target. Not surpris- 
ingly, the behavior here depends strongly on the sign of /i. When ^ < 0, we obtain 
a result similar to Theorem 11.21 above . 



Theorem 1.4. Let g — g + e^"^7 be a warped product metric on A4 = B'^ x J^™', 
where B is orientable and compact, and {J^,"f) is ^-Einstein with /i < 0. Suppose 
that g is Einstein with negative sectional curvature (assumed to be constant when 
n = 2). Then for any p € (0, 1), there exists 9 e (p, 1) such that the following holds. 

There exists a [1 -\- 9) little-Holder neighborhood U of g such that for all initial 
data g(0) G U, the unique solution g(T) of curvature-normalized warped product 
Ricci flow (3.19 ) exists for all t > and converges exponentially fast in the (2 + p)- 



Holder norm to a limit metric goo = ffoo + 6^"^=° 7. In this limit, 0oo = 0; 5oo 5 
when n > 3, and goo has constant negative sectional curvature when n — 2. 

Next, we consider the locally M.^ -invariant Ricci flow; see Section [4] This flow 
was introduced by Lott as a means for proving that if {A4^, g{t)) is a compact, Type 
III Ricci flow solution with diameter 0{y/i), then the pull-back solution {Ai,'g{t)) 
on the universal cover converges to a homogeneous Ricci soliton [15l. For this, 
Lott considered a class of "twisted" principal M^-bundles. Certain metrics on such 
bundles '-?> A^"+^ B" can be represented locally as g = {g,A, G), where g 
is a metric on the base, A is an M^-valued 1-form corresponding to a connection 
on M, and G is an inner product on the fibers. Ricci flow on these locally M.^ - 
invariant metrics decomposes into a Ricci flow-type equation for g, a Yang Mills 
flow-type equation for A, and a heat-type equation for G: 

dtgc^p = -2R^,3 + ^G^^G^'^V„G„-V^Gfe, + gT^G,,(d^)L^(d^)^^„ 
(1.5) - -{SdAy^ + G'^V^Gjk{dA%^ 

dtG,j = AG,, - G"V„G,fcV"G,, - ^^g'^'' g^'G,uGj,{dA)%{dA)\s. 
An important ingredient in the proof of Lott's theorem is a set of stability results 



for this system, proved by Knopf in the cases A'' = 1 or n = 1 10 . We extend some 



of those results to arbitrary dimensions, and to a more general class of fixed points. 



Theorem 1.6. Let g = {g,A,G) be a locally M.^ -invariant metric of the form {4-1) 
on a product x S", where B is compact and orientable. Suppose that A vanishes 
and G is constant, and that g is Einstein with negative sectional curvature ( assumed 
to be constant when n = 2). Then for any p G (0, 1), there exists 9 G {p, 1) such 
that the following holds. 

There exists a (1 + (?) little-Holder neighborhood U of g .such that for all ini- 
tial data g(0) G U, the unique solution g(r) of curvature-normalized locally M.^ - 



invariant Ricci flow exists for allt>0 and converges exponentially fast in the 
(2 + p) -Holder norm to a limit metric goo = (ffoo, ^00, Goo). In this limit, Aao van- 
ishes, Goo is constant, g^o = g when n > S, and g^o has constant negative sectional 
curvature when n = 2. 

Finally, we consider the connection Ricci flow; see Section [5] This flow was 
introduced by Streets as a geometric interpretation of renormalization group flow 
on {Ai"',g) with B-field included, which takes the form of Ricci flow coupled with 



heat flow for a closed three-form [22] (see also 18 23 ). Here, n > 3. One can 



intepret the -B-field strength as the torsion r of a metric compatible connection. 
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and Ricci flow in this setting becomes Ricci flow for g coupled with heat flow for 
the torsion: 

(1.7) 0., = -2Rc+iH 

dtT = At 

where Hij — g^'^g^^TiprTjqs- There are also certain other assumptions on r that we 
will make precise in Section [5.1[ 

We show that the flow is stable when the metric g is Einstein with negative 
sectional curvature and the connection is the Levi-Civita connection of that is, 
the torsion vanishes. 

Theorem 1.8. Let {M^^g) he a compact, orientable Riemannian manifold with 
n > 3. Consider a metric- compatible connection V on M with torsion r. Suppose 
that g is Einstein with negative sectional curvature and that r = 0. Then for any 
p G (0, 1), there exists 9 S (p, 1) such that the following holds. 

There exists a (1 + 9) little-Holder neighborhood lA of {g,T) such that for all 
initial data (g{0), t(0)) £ U, the unique solution (g{t), T{t)) of curvature-normalized 
connection Ricci flow (5.1\ l exists for all t > and converges exponentially fast in 
the (2 + p) -Holder norm to (g, r) = (g, 0). 

The proofs of these theorems follow the same general outline. 

(1) Modify the flow so that the fixed points are more easily studied. This 
involves pulling back the flow by diffeomorphisms, and the fixed points 
include Einstein metrics together with other objects relevant to the fiow in 
question (e.g., maps or connections). 

(2) Compute the linearization of the modified flow, and prove linear stability 
at the fixed points. This actually involves a second modification (by a 
DeTurck trick) to make the flow strictly parabolic. 

(3) Prove dynamical stability by setting up the appropriate Holder spaces and 
applying a theorem of Simonentt. (See Appendix [A| for the statment of the 
theorem.) 

The technique described here was introduced by Guenther, Isenberg, and Knopf 
[t], and has subsequently been used to prove several other results. For example, 
as mentioned before, Knopf proves stabilty for certain solutions of locally invariant 



invariant Ricci flow 10 . Young considers Ricci flow coupled with Yang-Mills 



flow and proves stability of certain solutions |28 . Wu, as cited above, uses these 



methods to prove that complex hyperbolic space is stable under Ricci flow 26 . He 
also adapts the method for use in the non-compact setting. 

Step (3) in this technique relies on the maximal regularity theory of Da Prato 
and Grisvard ^ , which exploits the smoothing properties of quasilinear parabolic 
operators. The actual stability then follows from a (quite general) theorem of 
Simonett, which is based on this maximal regularity theory [21| . The theorem also 
has the feature of giving stability even in the presense of center manifolds. The 
first analysis of center manifolds in problems relating to Ricci fiow appeared in [t]. 

Remark 1.9. All of these theorems are true when the Einstein manifold is replaced 
by a two-dimensional sphere with constant positive sectional curvature. Unfortu- 
nately, the techniques used here do not generalize to higher dimensions for positively 



curved manifolds. See 10 Remark 2]. 
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2. HARMONIC-RiCCI FLOW 

2.1. Setup and examples. Let us provide background for the coupled flow ( |1.1[ ). 
Let {A4,g) be a closed Riemannian manifold, with {Af, 7) a closed target manifold. 
Let </) : — > A/" be a smooth map. The Levi-Civita covariant derivative V"^^ of 
the metric g on Ai induces a covariant derivative V"'" ^ on the cotangent bundle, 
which satisfies 

By requiring a product rule and compatibility with the metric, we also have con- 
variant derivatives on all tensor bundles 

The Levi-Civita covariant derivative V"^''^ of the metric 7 on induces a covariant 
derivative V^"^^ on the pull-back bundle cf)*TN M, given by 

for X e C°°{TM) and Y e C°°{TJ^). As before, we get a covariant derivative on 
all tensor bundles over A4 of the form 

We refer to them simply as V. Related quantities are decorated with the metric 
name, if necessary, e.g., ^V. In local coordinates (x^) on Ai and (y^) on A/", 

V0 = 0, = 9,0^ dx' (g) dx\^ e C°°{T*M (g) (/)*TA/'). 

Similarly, we have 

v2<^ = (d.djci)^ - 'r'^^dkci>^ + cr o ci))^^^d,rd,r) dx' <S) dx^ ® s^U 

e C°°{T*M ® T*M ® (l)*TN). 
The harmonic map Laplacian (or tension field) of (j) with respect to g and /i is 

(2.1) = g'' {d,d,^^ - ^r^;.40^ + (^r o ^)^^^d,rdjr) 9aU 

e C°°(0*TA). 

Additionally, 

V0 «) V(?!) = 7A^9j0^9j0^ dx' g) da;-'' = 
is a symmetric (2, 0)-tensor on Ai, and we define 

S = Rc--cV(/)g) V(/) 
where c = c(t) > is a coupling function. 



Now we recall the flow (1.1): if : (AJ,g) (A/", 7) is a map of Riemannian 



manifolds, the harmonic- Ricci flow is the coupled system 

dtg -2S = -2 Rc +2c (g> 
= r„,^(/) 
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We will call this hrf for short, although it is also sometimes called the {RH)c 
flow. We will assume that c{t) is non-increasing. As mentioned above, this flow 



was introduced in 17 and is a generalization of one studied in 13 . 

Now we consider some exampes of the flow. In studying expanding Ricci solitons 
on homogeneous spaces, Lott considered as a model a special type of vector bundle. 
Let Ai be an M^-vector bundle with flat connection, flat metric G on the fibers, and 
Riemannian base {B'^,g). Assume that the connection preserves flberwise volume 
forms. Lott showed that the soliton equation becomes a pair of equations. One 
is a soliton-like equation for g. The other is an equation for G, which says that, 
interpreted as a map G : B ^ (SL(Af, M)/ SO(A^), 7), G is harmonic. Here, 7 is the 



natural metric induced by G; see (4.3) 



In fact, more is true. Ricci flow on such bundles is the coupled flow 

dtg = -2Rc+^VG(g) VG 

dtG = Ta.M 



which is the harmonic-Ricci flow on (B,g) with map G and c— 1/8; see 25 . This 
is in fact a special case of the coupled system considered in Section |4j 

All known 3D and 4D homogeneous spaces admitting expanding Ricci solitons 
have this bundle structure, so the corresponding Ricci flow solutions are harmonic- 
Ricci flow solutions. 

Ricci flow on a warped product (A^" x S^,g + e^^dO), after modification by 
diffeomorphisms, takes a special form: 

dtg — —2 Rc +2 du (8) du 

dtu ~ Au 

This is harmonic-Ricci flow with target M and c = 1, and was studied by Lott and 



Sesum 16 . It is also a special case of the system considered in Section 



2.2. Stability. In this section we follow the outline given in the introduction to 



prove Theorem 1.2 



We transform the system into one whose fixed points include pairs (5, (/)) with g 
Einstein and constant. Suppose that {g{t),(j){t)) is a solution of ( |1.1[ ) (with time 
parameter t). Let s{t) be a function with positive anti-derivative a, and consider 



where 



dr 



g = <7 ^g, 4> = 4>-, t = 



to 



for to G I, the interval of existence of the solution. A straightforward calculation 
shows that this transformation results in the modified flow 

dtg = -2Rc+2cV(?!)(8) V(?!) - sg 

We want to describe the flxed points of this system, with the proper choice of s. 

Lemma 2.3. Suppose that (A^",go) compact and Einstein, with Rc((7o) = ^go- 
Let 00 : (M,g) — >■ (A/", 7) be a constant map. Setting s — — 2A makes (.goi'/'o) ^ 
stationary solution of (12. 21) 
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With these choices, we call (2.2) the curvature-normalized harmonic- Ricci flow 
system. 



Consider a fixed point (goj^o) of the flow (2.2) on A^". From Lemma (2.3), 



assume that go is Einstein with Rc((7o) = Xgo and (f>Q is constant. To analyze the 
stability near this fixed point, we must compute the linearization of the fiow. Let 
(5(e), (/'(e)) be a variation of (go, 0o) such that 



(2.4) 



5(0)^=30, del^^^gie) = h, 

0(0) = 00, 9,|^^o0(e)=V, 

for some symmetric (2,0)-tensor h and variational vector field ip G {(t>*TM). 
More explicitly, 4>{x,e) = exp^^^.-) (eV'(a;)). Let denote the Lichnerowicz Lapla- 
cian acting on symmetric (2, 0)-tensor fields. Its components are 

^ehij ~ Ahij + 2Ripqjh^'^ — R^hkj — Rjhik- 



Hpqj ' 



Lemma 2.5. The linearization of (2.2) at a fixed point (go, 0o) with Rc((7o) — \9o 
and 00 constant acts on (h, ip) by 

(2.6a) dth,j = A^^- + V^{Sh)j + Vi{dh)j + V^Vj tr^^ h + 2Xhij, 

(2.6b) dtip" = A^/;" 

where Ai is the Lichnorowicz Laplacian and A is the Laplacian acting on functions. 



Proof. With a variation as in (2.4), we must compute 

54=0 (^*5(e)), 94^0(5,0(6)). 

Such computations involve standard variational formulas for geometric objects like 
r, Rc, and R. See [3| Section 3.1], for example. The first equation is considered 



10 Lemma 3]. For the second equation, using the coordinate expression for the 



tension field from i2.1l, it is easy to see that 



= g'^{d,d,ij''-sr'i^dkijn 

= Ar, 



as desired. 



□ 



We next use the DeTurck trick to make the linearized system (2.2) strictly par- 



abolic. That is, we pull back by diffeomorphisms generated by carefully chosen 
vector fields, which has the effect of subtracting a Lie derivative term from both 



equations in (2.2). To this end, define a vector field depending on g{t) by 



(2.7) 



5^^(r^-^"rM, fc = i 



, ,n. 



Let Ft be diffeomorphisms generated by W{t), with initial condition Fq = id. The 
one-parameter family (^F^ g{t), F^ (f>{t)) is the solution of the curvature-normalized 
harmonic- Ricci DeTurck flow. A stationary solution (50, 0o) of (2.2) with Rc = 



Ago and 0o constant is then also a stationary solution of the curvature-normalized 
harmonic-Ricci DeTurck flow. 
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Lemma 2.8. The linearization of the curvature-normalized harmonic- Ricci De- 
Turck flow at a fixed point (go, 4'q) with Rc = Ago is the autonomous, self-adjoint, 
strictly parabolic system 

(2.9a) dth = Loh ^ Aih + 2Xh 

(2.9b) dtip = Liijj = AiP, 

where Li = A satisfies (Aip)" — A('ijj°'). 

Proof. The curvature-normalized Ricci-DeTurck flow is obtained by what amounts 
to subtracting a Lie derivative from the right side of (4.2): 
5(5 = -2 Rc +2c V(/) (g) V(/) - Cwg, 

with intial data (5(0), 4>{Q)), so we must compute the linearization of this Lie de- 
rivative, as in Lemma |4.8[ 

Take a variation (g(e), (/)(e)) as before. It is well-known that 

^4=o('^w5)^j = V,(<5/i), + Vj((5/i), + V,;V, tr<,„ h. 

Subtracting this from (2.6a) gives (2.9a). For the second equation, 

Cw4> ^^4>{w) ^ d,<t>''w,do,U, 

and is it easy to see that ^^(^(O)) — 0, so 

^4=o^»^"W?, = 0, 



giving ( |2.9bp . □ 

Now assume that (go, 4'o) is a fixed point of the curvature-normalized harmonic- 
Ricci-DeTurck flow with (j)^ constant and go 3- A-Einstein metric with negative 
sectional curvature. 

Recall that a linear operator L is weakly (strictly) stable if its spectrum is confined 
to the half plane Re z <Q (and is uniformly bounded away from the imaginary axis). 
We thank Peter Petersen for the idea behind the following estimate. 

Lemma 2.10. Suppose that g is X-Einstein, and that there exists K < such that 
sec < K. Then if Lh := A^ft. -t- 2A/i, we have (Lh,h) < K{n-2)\\h\\^ < 0. 

Proof. First, write a symmetric 2-tensor h as h — g{h-,-) and let {ci} be an or- 
thonormal basis of eigenvectors for h. That is, h(ei) = XiCi. Now, we write part of 
{Lh, h) in components with respect this basis. Using that g is A-Einstein, we have 

= Y2 sec(ei, ej)XiXj + ^ sec(ei, ej)A^ 



2 

ij i,j i,j 

2 



= \ ^ sec(ei, ej)2AiAj + | ^ sec(ei, ej)X^ + \ ^ sec(ei, ej)X 
hi 

= sec(ei, ej)(Ai + A^ 
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Now, integrating by parts and using Koiso's Bochner formula (12| together with 
the above equation, 



{Lh, h) 



\Vh\\ 



-\\\n 



Shf + K{n - 2)\\hf + K\\ trh\ 



^sec(ej,ej)(Ai + A^-)^ 



1,3 



< K{n-2)\\h\\^, 

as desired. □ 

Lemma 2.11. Let (ffoi^o) be such that <j)a is constant and go is Einstein with 
negative sectional curvature. Then the linear system (2.9a) -(2.9b) has the following 
linear stability properties: 

If n — 2, then the operator Lq is weakly stable. On an orientable surface B of 
genus 7 > 2, the null eigenspace is the (67 — 6) -dimensional space of holomorphic 
quadratic differentials. 

If n> 3, the operator Lq is strictly stable. 

The operator Li is weakly stable. Its null eigenspace is the space of constant 
variations ijj £ C°°{(j)*TM), whose dimension is equal to dimA/". 



Proof. The statements about Lq in dimension 2 follows from 10 Lemma 5], and 
the statement in dimension n > 3 follows from Lemma |2.10| That the operator 
Li = A is weakly stable follows from integrating by parts. □ 

We now turn to the proof of the the main theorem. See the appendix for the 
statement of Simonett's theorem, 10 Section 2] for a more detailed description of 
its application as used here, and 21 for the original statement. 

If V — >■ is a vector bundle, let (V) denote the completion of the vector 
space C°°(V) with respect to the r + p little-Holder norm. For fixed < a < p < 1, 
consider the following densely and continuously embedded spaces: 



Eo 

U 

u 

El 

U 



= i}°+PiS^M) X \)°+P{<j)*TM) 



Xi ~ t)^+P{S^M) X t)^+P{(t)*TJ\f) 
For fixed 1/2 < /3 < a < 1, define the continuous interpolation spaces 
Xp := (Xo,Xi)^, := (Xo,Xi)q,. 



For fixed < e < 1, let 



be the open e-ball around {go,4>o) in X^, and define 



Proof of Theorem L2 We follow the proof of Theorem 1 in 10 , which consists 
of four steps. First, one must show that the complexification of the operator in 
( 2.9a )-( 2.9b) is sectorial. This holds exactly as in With this established, once 
checks that conditions ([l])-([7| of Simonett's theorem hold, and this follows exactly 
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as in [Toj Lemmas 1 and 2]. The second step is then to apply Simonett's theorem 
(Theorem A.l ). 

Third, in the cases of weak linear stability, one proves the uniqueness of a smooth 
center manifold consisting of fixed points of the flow ( 2.2 ) . Our case is in some sense 
a special case of that considered in 
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In particular, the n = 2 case for the metric 
g is handled. Note that fixed points of this flow still coincide with those of the 
curvature-normalized Ricci-DeTurck flow. Finally, one proves convergence of the 
metric. Again, the arguments of [10^ carry through without modification. □ 



3. RiCCI FLOW ON WARPED PRODUCTS 

3.1. Setup. Consider a warped product metric g = 5 + £^"^7 on a manifold = 
X J"™, where (j)(zC°°{B). Let ■H,V C TM denote the horizontal and vertical 
distributions, respectively. The Ricci curvature of g is 

*Rc l-Hx-H — ^Rc — mHess(0) — md<j)® dip 
(3.1) sRc|„xv = 

SRc|v>,v ='^Rc-e2'^(A0 + m|d0n7. 

See [1], for example. We wish to describe the Ricci flow equation on the warped 
product (A^, g) in terms of the evolution of g and the warping function cp. A similar 
approach was taken in |16l|24|. 



Proposition 3.2. Let {Ai ~ S" x J^™,g(i)) be a solution to Ricci flow, with A4 
closed and g(0) = g{0) + e'^'^^^'^^{0) a warped product. If {J-, h) is ii-Einstein, then 
7(0) =7 is constant under the flow, g{t) is a warped product, and the evolutions 
of g and (f> are given by 

dtg = -2 SRc +2m Hess(0) + 2m d(t) (g) dcj) 

(3 3) 

dt(t) = A(f> + m\d(f>f - fie-'^'l' 



Proof. Define g(t) = g{t) + e^*^'*^/!, where g{t) and (j){t) are solutions of (3.3 1 with 
5(0) — go and 0(0) = cpo- Using (|3.1[), we see that the evolution of g{t) is 



5*g(t)=9tg(i) + 9t(e2^(*)7) 

= -2 ^'Rc +2m Hess((/)) + 2m dcj) (g dcp + 2e^'^'^^'^ dt4>{t) 7 
= -2eRc + 2e2^(*)(A</. + m|d0|2 - ^g-^-^-)^ 

= -2 SRc \h^h -t^h + 2e2"^W {Acj) + niM'^h 
= -2SRc|„x«-2SRc|vxV 
= -2SRc, 



since — 2/17 = — 2^Rc. This means g{t) solves Ricci flow with g(0) = go + e'^'^°j. 
By uniqueness of solutions of Ricci flow, for any solution g{t) of Ricci flow with 
g(0) = go + e'^'^°h, we must have g{t) = g{t). This means the warped product 
structure is preserved and the components of g{t) ~ g(t) + e^"**^*''7 must satsify 



(3.3). □ 
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We can simplify the system (3.3). Consider the (horizontal) vector field X = 
—m\7(j). Then we compute the following Lie derivatives, 

Cxg = —2to Hess ((/)), 

^x(f> = —m\d(f>\'^. 

Puling back by diffeomorphisms generated by X amounts to adding these Lie deriva- 
tives to the equations in (3.3 1. From this we obtain the system 

dtg = -2 9Rc +2to d(j) <S) d(j) 
dt(t> = A0 - A^e"^"^ 



which we recognize as (1.3). 



Remark 3.4. The system (1.3) does not involve at all, except for the Einstein 

constant /i. Considering that system abstractly (that is, outside the context of Ricci 
flow), we can therefore allow T to be non-compact. 

3.2. Estimates. We wish to understand the asymptotic behavior of (j>{t) and d(j){t) 
when {g{t),(p{t)) is a solution of (1.3). For this, we need the evolution of various 
geometric quantities under the flow (1.3). The following evolution equations can be 
proved in a manner similar to those for (1.1) with 1-dimensional target, as found 
in 



13 



Lemma 3.5. Let {g{t), cf){t)) be a solution of (1.3). We have the following evolution 
equations. 



dtdi(j) 



-2|V2 



2/^e-2'^9i« 



2m\d(l)\'' + Afie-^^\d(j)\ 



We will use the estimates from the lemma with the following version of the 
Maximum Principle. 

Theorem 3.6. Suppose g{t) is a family of metrics on a closed manifold M"^ , X{t) 
is a time- dependent vector field on M, and : M x [0, T) — > M zs a Lipschitz 
continuous function. Consider the semi-linear heat equation 

(3.7) dtu = Ag^t)U + {X{t),Vu) + F{u, t), 
and the corresponding ordinary differential equation 

(3.8) lu = F{U,t), 

for functions u : M x [0,T) ^ R, U : [0, T) M. 

Let u{x,t) be a solution of (3.7), and let Ui and U2 solve (3.8) with Ui{0) — 
min7viM(x, 0) and C/2(0) = max^vi u(a;, 0), respectively. In particular, 

Ui{0) < u{x,0) < U2{0) 

for all X G Ai. Then as long as these functions exist, 

Ui{t) < u{x,t) < U2{t), 

for all X e M. 
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(3.11) < |d0(x,t)|'^ < 



Lemma 3.9. Suppose that {g{t), (l){t)) is a solution of (1.3) on B x J- with B 
compact and {J-,h) ^-Einstein with /i = —1/2. Then there are constants di,d2,C' 
such that 

(3.10) e^'^i + t< e^-^ < e^''^ +t 

C 

Proof. The ODE associated with the evolution of (p is 

For initial data [/(O) = d, this has solution U{t) — ^ log(e^'* — 2fit). Let Ui 
and U2 solve the ode with initial data di — ming (/)(a;, 0) and d2 — maxg (/)(a;, 0), 
respectively. Then 

(3.12) ^ log(e2'^i - 2fit) = Ui{t) < cp{x,t) < U2{t) = ^ logCe^'^^ - 2fxt) 

for as long as the functions exist, and for all a; e _B. Translating this into a statement 
about the metric g, we see that 

We may rescale the metric h so that the Einstein constant is /i G { — ^,0, and 
this gives us three cases: 

(3.13) e^''! + t < e^"^ < e^"*^ + t 

(3.14) e^'^i < e^"^ < 6^^% 

(3.15) e^''! - t < e^-^ < e^-*^ - 

Note that the first case is expanding and the third reaches zero in finite time. 

Now let us find bounds on We can do this in the case that /i < (say 

H = —\)- First, from the behavior of (j) above, we have 

-2e-20 < 

- t + b 

where h — e^^"^ . Then evolves according to 

dt\d<i)\^ = A|d0|2 - 2|V20|2 - 2TO|d0|4 - 26-2-^ I #1 2 < A|d</)|2 - ^M^P- 
That is, V — is a subsolution of dtu — Au + F(u, i), where 

The corresponding ode has solution 

Taking Uq = maxg \d(j){x,Q)\'^ , the Maximum Principle gives 
(3.16) 

for all time and all x E B, for some C > 0. Note that \d<j)\'^ is therefore integrable 
in time. □ 
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3.3. Stability. In this section we follow the outline given in the introduction to 
prove Theorem 1 1.4[ 

The warping function (/) grows in a controlled way: when /x = — ^ , the lower and 
upper bounds of <f> on B both go to infinity by (3.10), but we also have \d(j)\'^ — 
as t — > oo by (3.11 1. It is natural, therefore, to hope that converges to a constant 
function, but the growth condition implies that this constant should be oo. This 
means that some kind of normalization is needed for (in addition to g). 

Therefore, let (]j{t), solve (1.3 1 (with time parameter t) and let s(t) be a 
function with positive anti-derivative a. Consider the transformation 

imMt)) ^ {9{t),m). 

where 

1 



.9 = 



ig, = ^-- log (e^^^-.W+i) +0,^^(0), 



dr 
'to O-(^) ' 



and 



Note that 4> is simply a translate of 
behavior of is the same as that of 
that 



As such, d(t) - 



h, and so all spatial derivative 



Additionally, from (3.101 it is easy to see 



lim (f){x,t) = <j)avg{^) 

for all X G ,B. 

A computation shows that this transformation results in the system 
dtg ~ —2 Rc +2m dip^ d(j) — sg, 



(3.17) 



A0- 



(T e 
2 



-2(0-0„„„(O)) 



1 



,(0) 



+t) 



Note that if s is constant, then a is linear in t, and we can arrange for (T/(e^*'' 
to be constant. Namely, we set a{t) = (e^'^-^s + t)s. This makes (3.17) an 
autonomous system. 

Liemma 3.18. Suppose that (6" x J"™, 50 + e'^'''°j) is a warped product with {B, g) 
compact and X- Einstein and {J-,j) —^-Einstein. Let (f>Q : Ai ^ M. be a constant 
map. Setting s = — 2A makes {go,4'o) ^ stationary solution of (3.17) 

With these choices, we call ( |3.17 ) the curvature-normalized warped product Ricci 
flow system: 

dtg = -2 Rc +2m d(t)(g) d(t) + 2Xg, 
(3.19) „ , . , A 



A0- 



-0a.,(O)) 



Consider a fixed point (go, ipo) of the flow (3.19) on S". From Lemma (3.18), we 
can assume that go is Einstein with Rc((7o) = Xgo, (po is constant, and s = — 2A. 

To analyze the stability near a fixed point, we must compute the linearization 
of the flow. Let (5(e), (/)(e)) be a variation of (go,<?^o) such that 

5(0) =30, 9,\^^^g{e) = h, 
^(O) = 0o, a,|^^o0(e)=V 



(3.20) 
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for 0e C°°(6). 



Lemma 3.21. The linearization of {3.19) at a fixed point {go,4>o) with Rc ~ Xgo 
and 4>o constant acts on ih, ip) by 

(3.22a) dthij = Aihij + \/.,{Sh)j + \/i{6h)j + ViVj tig^ h + 2Xhij, 

(3.22b) dttp = A^P + 2A?A, 

where Ai is the Lichnorowicz Laplacian and A is the Laplacian acting on functions. 



Proof. The first equation is the same as in Lemma |2.5[ so we only consider the 
second equation. Let 

f,At)-fmmt) = ^-^f^. 

So, given a one-parameter family of metrics and functions {g{t), (f>{t)), f computes 
the average value of (f> with respect to g, both taken at the parameter t. Therefore 
we have 

- A0 - ^ ( cxp ( - 2(0 - fgAO))) ~ i) • 
In the linearization of the right side, we need to compute the e-derivative of /: 



k 

.0 JgdFg, 



90 



= 0. 



Now, A is linear, and the desired equation follows from the chain rule. 



□ 



As before, we use the DeTurck trick to make the linear (3.191 system strictly 
parabolic. Define a vector field depending on g{t) by 

w^' = 5^^(rf,-^"rf,), 



fc = 1, 



, ,n. 



(3.23) , . — ^ i y ; 

Let Ft be diffeomorphisms generated by W{t), with initial condition Fq = id. The 
one-parameter family {F^ g{t) ^ F^ (pit)) is the solution of the curvature-normalized 
warped product Ricci-DeTurck flow. A stationary solution {gQ,(t>o) of (3.19) with 
Rc = Af^o find 00 constant is then also a stationary solution of the curvature- 
normalized warped product Ricci-DeTurck flow. 

Lemma 3.24. The linearization of the curvature-normalized warped product Ricci- 
DeTurck flow at a fixed point (go, 0o) with Rc = Ago is the autonomous, self-adjoint, 
.strictly parabolic system 

(3.25a) dth Lq/i = (Af + 2A id)h 

(3.25b) atV = LiV' = (A + 2Aid)V' 



Proof. This is essentially the same as the proof of Lemma 2.8 



□ 



Now assume that {go,(t>o) is a fixed point of the curvature-normalized warped 
product Ricci-DeTurck flow with 0o constant and go an Einstien metric with neg- 
ative sectional curvature. 

Lemma 3.26. Let {go,4'o) be such that 0o is constant and go has constant sec- 
tional curvature. Then the linear system (3.25a)-(3.25b) has the following stability 
properties: 
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// n ~ 2, then the operator Lq is weakly stable. On an orientable surface B of 
genus 7 > 2, the null eigenspace is the (67 — 6) -dimensional space of holomorphic 
quadratic differentials. 

If n > 3, then the operator Lo is strictly stable. 

The operator Li is strictly stable. 



Proof. The statements about Lq follow from those about Lo from Lemma |2.11[ 

The operator Li = A+2Aid, involving the Laplacian acting on C°°{B), is strictly 
stable: 

(LiV',V')= / (AV' + 2Ai/;)VdA's = -IIVtZ-IP + 2A||V^||2 < 0, 
Jb 

since A < 0. We have equality exactly when ip is the zero function. □ 

We now turn to the proof of the the main theorem. Again, see the appendix for 
the statement of Simonett's theorem. Recall that if V — )■ is a vector bundle, 
then t)^^P{V) denotes the completion of the vector space C°°(V) with respect to 
the r + p little-Holder norm, and for brevity, let denote the corresponding 

completion of C°°{B). 

For fixed < cr < p < 1, consider the following densely and continuously em- 
bedded spaces: 

Eo := f)°+'"(S'2fi) X 1)0+'^ (S) 

U 

Xo := l)°+P{S^B) X l)°+P{B) 
U 

El t)^+''{S^B) X 1)2+'^ (S) 

U 

Xi t)'^+P{S^B) X i)'^+P{B) 

For fixed 1/2 < (3 < a < 1, define the continuous interpolation spaces 

X^ := (Xo,Xi)^, Xq := (Xo,Xi)q. 

For fixed < e <C 1, let G/3 be the open e-ball around (goi^o) in and define 
:= Grp n Xq,. 



Proof of Theorem \1.4\ The /i = case follows from directly Theorem |1.2[ and 
modulo the details of the Holder space setup, the proof for < is the same as 
the proof of Theorem 1.2 so we omit the details. □ 



Remark 3.27. One may compare Theorem 1.4 with 16 Theorem 1.1]. Those au- 
thors prove convergence of warped product Ricci flow solutions when the base has 
dimension two, although different techniques are involved. 

Remark 3.28. Following Perelman (for the Ricci flow) and List and Muller (for 
harmonic-Ricci flow), the flow (1.3) is the gradient flow of a certain energy func- 
tional. Namely, given a metric g on B and functions 0, / : _B — )• M, the energy 
functional is 

J'i9,<l>J)= I {R~m\d(j)\^ +mp.e-'^'>' + \df\^)e^f dV. 
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4. Locally E -invariant Ricci flow 

4.1. Setup. The manifolds that we wih consider in this section have a special 
bundle structure. Let ,B be a connected, oriented manifold, and let £ A S be a flat 
K^-vector bundle. We consider to be a principal M^-bundlc over B, twisted by 
£. That is, there exists a smooth map 

£ xjg M = [JffeX Mb — > M 

beB 

that, over each point b £ B, gives a free and transitive action that is consistent 
with the flat connection on £. This means that if W C S is such that £n ^ U is 
trivializiable, then tt^^{U) has a free M.^ action. Let 7W have a connection A such 
that v4|^-i([/) is an M^-valued connection. If we assume that A4 also has a flat 
connection itself, then A is globally an M^-valued 1-form. 

We will use this bundle structure to describe local coordinates for A4. Let 
U C B he an open set such that £u ^ U is trivializable and has a local section 
(T : U — >■ TT^^iU). Additionally, let p : M" — > be a parametrization of U, with 
coordinates x", and let be a basis for M^. Then we obtain coordinates 
on TT^^iU) via 

7:-\U) 

where • denotes the free M^-action described above. 

Let g be a Riemannian metric on M. such that the E^-action is a local isometry. 
With respect to the coordinates above, one may write 

n N 

g = E f a/3 dx^ dx^ + (^^' + ELi^L dx") {dx= + E;=i^'^) , dx^) 

a,^— 1 ■ij — 1 

(4.1) 

= g„/3 dx" dx^ + G,j{dx' + dx°'){dx^ + ,dx^). 

We will write this informally as g = {g, A, G), where g{b) — gapib) dx" dx^ is locally 
a Riemannian metric onU C B, A{b) — dx" is locally the pullback by cr of a 

connection on tt^^{U) — U, and G{b) = Gij{b) dx^ dx^ is an inner product on the 
fiber Mb- 



4.2. Stability. In this section we follow the outline given in the introduction to 
prove Theorem |1.6[ 

In 15 , Lott considered metrics of the form (4.1 1 that evolve under Ricci flow, 
which are called locally M.^ -invariant solutions. He showed that the Ricci flow 
equation for (A^,g) becomes three equations: one for each of g. A, and G (see 
[l5j Equation (4.10)]). To study the asymptotic stabilty of this system, Knopf 
transformed it into an equivalent one that has legitimate fixed points (see 
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Equation (1.3)]). Let s{t) be a function. Then the transformed system is 
(4.2a) dtga^ = -2R^p + \g'''G^'V ^G,jV pGu + 9'''G,j{dA)\^{dAy^, - sg. 



1 



(4.2b) dtA^^ = -i5dA)l + /^G'-'V^G,fc(dA)^„ - -sA^, 
(4.2c) dtG.j = AG„- - ^"'^G^V^G.fcV'^G,, - ^g"^/*G,feG,,(dA)^^(dA)^5. 

We call this system a curvature-normalized locally M.^ -invariant Ricci flow. Also, 
we recall that V„ = {dAy^^ = V,A^ - V {5dA)l = -gM^i{dAy^^, 

and AGij = .g^^VaV/jGy = g"^( ax°ax'^ '^'J ~ ^1/3 af^^'j)' '^here T represents the 
Christoffel symbols of 5. 

The case where the bundle connection is flat (i.e., A vanishes) was studied in 



14 , in the context of structures that arise from certain expanding Ricci solitons 
on low-dimensional manifolds. There and in the more general setting, certain Ricci 
flow solutions give rise to a (twisted) harmonic map G : S — > SL(A^, M)/ SO(Af) 
(the target being the space of symmetric positive-definite bilinear forms of fixed 
determinant, with its usual metric) together with a "soliton-like" equation relating 
the metrics g and G. These are the harmonic- Einstein equations. 

We will need a byproduct of this fact. Write 5a, = SL(iV,M)/ SO(Ar). The 
tangent space TqSn at G G Sn consists of symmetric bilinear forms with no trace. 
There is a Riemannian metric on TqSn defined by 

(4.3) g^X, Y) = tr{G-^XG-^Y) = G^^X.^G'^V,,. 

The tension field of G : 6 — > iS^v, with respect to the metrics g and g, has compo- 
nents 

N 

(4.4) (r,,gG)., = AG., + g'^^ ^^(^"r o G);-^,,,V„Gp,V^G... 



Proposition 4.5. The evolution equation for G from (4.2 1 is a modified harmonic 
map flow for G : B ^ Sm ■ More precisely, 

dtG.^1 = irait),gGy, ~ ;^ff"^/'G.feG,,(dA)^^(dA)^,. 



See 25 for a proof and further discussion. 



Now, we want to describe the fixed points of (4.2), with the proper choice of s 



Lemma 4.6. Suppose that (A^ = M.^ x S, g) is a twisted principal M.^ -bundle with 
locally M.^ -invariant metric g = {g, A, G). Suppose that B is compact and Einstein, 
with Rc((7o) — ^goj ^ = 0, and G constant. Setting s — — 2A makes (170,0, Gg) a 



stationary solution of (4.2 I 



With these choices, we call (4.2) the curvature-normalized locally -invariant 
Ricci flow system. 



Consider a fixed point of the flow (4.2) on a Riemannian product (M x B,g) 



From Lemma (4.6) we can assume that g is Einstein with Rc — \g, A is identically 
zero, and G is constant. Also, c = and s — — 2A. 

To analyze the stability near a fixed point, we must compute the linearization of 
the fiow. Write go — (50, 0, Go) for such a fixed point. Let g(e) — {g{e),A{e), G(e)) 
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be a variation of g such that 

(4.7) i(0)=go, a4^„g = h=(/i,i3,F). 

More exphcitly, 

5(0)=. go, d,\^^^g = heS^B, 
I(0)=Ao = 0, 94^qI= B e C°°(T*B®M^) 



where G{e,b) = expQ(j,-)(ei^(5)) as in ( |2.4[ ). 



Lemma 4.8. The linearization of \4-^ o,^ ^ fixed point go = {go, 0, Go) with Rc — 
Ago and Gq constant acts onh = [h, B, F) by 

(4.9a) dth^a = Agh^p + V^{5h)p + ^ p{5h)^ + V„V^ tr^^ h + 2A/i„/3, 
(4.9b) 9,5; = -(-JdS)^ + \Bl, 

(4.9c) cf^F,, = AF,j, 

where is t/ie Lichnorowicz Laplacian and A is t/ie Laplacian acting on functions. 
Proof. This is the same as the proof of Lemma |2.5[ except for the second equation. 



With a variation of g as in (|4.7p, we have 
It is easy to see that 

as desired. □ 



As before, we use the DeTurck trick to make the hnear (4.2 1 system strictly 
parabolic. Define a vector field depending on g{t) by 

(4.10a) W'' =g"^irlp-<'°rl^), 7 = l,...,n 

(4.10b) {W,)k^{SA)k, k^l,...,N. 

Let ipt be diffeomorphisms generated by W{t), with initial condition ■00 = id. The 
one-parameter family of metrics tpfg{t) is the solution of the curvature-norma lized 
-invariant Ricci-DeTurck flow. A stationary solution go = ((7o,0,Go) of (4.2) 
with Rc = Ago Go constant is then also a stationary solution of the curvature- 
normalized Ricci-DeTurck flow. 



Lemma 4.11. The linearization of {4-^^ o,t o, fixed point go = ((7o;0,Go) with 
Rc — Ago is the autonomous, self-adjoint, strictly parabolic system 

(4.12a) dth ^ L2h Aeh + 2\h 

(4.12b) dtB = LiB = Aih + \B 

(4.12c) dtF = LoF = AF, 

Here, — Ai = dS + Sd denotes the Hodge-de Rham Laplacian acting on 1-forms and 
Lq = A satisfies (AF)^ = A(Fy). 



STABILITY OF SOLUTIONS OF CERTAIN EXTENDED RICCI FLOW SYSTEMS 19 



Proof. This is the same as the proof of Lemma |2.8[ exept for the second equation. 
We have 

and so 



Subtracting this from (4.9b) gives (4.12b). □ 

Now assume that go = {go,0,Go) is a fixed point of the curvaturc-normahzed 
K^-invariant Ricci-DeTurck flow with Gq constant and go an Einstein metric with 
negative sectional curvature. 



Lemma 4.13. Let go = (goiO, Gq) be a metric of the form (4-1) such that Gq is 
constant and go has negative sectional curvature. Then the linear system (4.12a)- 
(4.12c) has the following stability properties: 

If n — 2, then the operator Lq is weakly stable. On an orientable surface B of 
genus 7 > 2, the null eigenspace is the (67 — 6) -dimensional space of holomorphic 
quadratic differentials. 

If n > 3, then the operator Lq is strictly stable. 

The operator Li is strictly stable. 

The operator L2 is weakly stable. Its null eigenspace is the space of constant 
variations F G C°°{G*TSn), whose dimension is equal to dim^Ar. 



Proof. This follows from Lemma [2.11[ □ 

We now turn to the proof of the the main theorem. Again, see the appendix 
for the statment of Simonett's theorem. Recall that if V — )■ is a vector bundle, 
then (V) denotes the completion of the vector space C°°(V) with respect to the 
r + p little-Holder norm. For fixed < a < p < 1, consider the following densely 
and continuously embedded spaces: 

Eo = Ij^+'^iS^B) X ()0+'^(r*6(8)M^) X {G*TSn)) 

u 

Xo \)°+PiS^B) X i)"+P{T*B(E)R^) x 1)"+p{G*TSn)) 

U 

El := ti^+^iS^B) X f)2+'^(T*6 0M^) x t)^+'' {G*TSn)) 

U 

Xi := t)^+P{S^B) X t)^+P{T*B(E)R^) x i)^+P{G*TSN)) 
For fixed 1/2 < f3 < a < 1, define the continuous interpolation spaces 

X^ (Xo,Xi)^, Xq :— (Xo,Xi)q,. 
For fixed < e <C 1, let be the open e-ball around go in X/3, and define 

Ga '.= Grp n Xq,. 

Proof of Theorem \1.6\ Modulo the details of the Holder space setup, this is the 
same as the proof of Theorem |1. 2 [ so we omit the details. □ 
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5. Connection Ricci flow 

5.1. Setup. Let g) be a Riemannian manifold with rt > 3. Suppose that r is a 

(2, l)-tensor on A^, and consider the (3, 0)-tensor H with components Hijk = QkiTij- 
We can think of r as the torsion of a connection V that is compatible with g, and 
we say that t is geometric \i H € ^'^{M) and dH = 0. Define a (2, 0)-tensor % (as 
above) by 

Ti-i] y y ^J^ipr^^jqs — y yrs ' ip' jq- 

The Ricci curvature of V is a (2, 0) -tensor on Ai, but it is not symmetric. There- 
fore, consider the symmetric and anti-symmetric parts, denoted by Rc** and Rc^, 
respectively: 

Rc^ = 9Rc+--H, Rc^ = --d*i/ 
2 2 

where ^Rc is the Ricci curvature of the Levi-Civita connection of g and d*H has 
components {d*H)ij = —g^^^ViHmij- 

Now, one can consider the evolution of a connection 9(*) V -t- r(t) on A4 in terms 
of the metric g and geometric torsion r of V, 

dtg = -2Rc® 
dtH = 2dRc'' 

From the expressions for the symmetric and anti-symmetric parts of Rc, these 
equations become 

dtg = -2Rc+^'H 
dtH = AdH 



which is exactly the flow ( 1.7) (although we will use H in place of t, for clarity). It 
is easy to check that the property that r is geometric is preserved under the flow, 
and that the flow enjoys short-time existence and uniqueness of solutions. 

We will consider this flow where 5 is a metric and H is any closed three-form, not 
necessarily dual to the torsion of a connection. Such a coupling arises in physics, 
for example as the renormalization group flow with _B-field. 

Our goal is to show that this flow is stable when g is Einstein with negative 
sectional curvature and H = 0. In the context of connection Ricci flow, this is 
stability at the Levi-Civita connection of g, that is, where r = 0. 

5.2. Stability. In this section we follow the outline given in the introduction to 
prove Theorem |1.8[ 

We transform the system into one whose fixed points include pairs (g, H) with g 



Einstein and H vanishing. Suppose that {g{t), H{t)) is a solution of ( 1.7) (with time 



parameter t). Let s(t) be a function with positive anti-derivative a, and consider 

{m,m) ^ {g{t),H{t)), 

where 

g = (T~'^g, (f) = 4>, t- 



* dr 
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for to e /, the interval of existence of the solution. A straightforward calculation 
shows that this transformation results in the modified flow 



(5.1a) 
(5.1b) 



dtg =-2Rc +^n-sg 
dfH ^ A,iH - sH 



Now, we want to describe the fixed points of (5.1 ), with the proper choice of s. 

Lemma 5.2. Suppose that {A4,gQ) is compact and Einstein, with Kclgo) — Xgo, 
and that Hq — 0. Setting s — — 2A makes (170,-^0) 1 stationary solution of (5.1) 



With these choices, we call (5.11 the curvature-normalized connection Ricci flow 
system. 

Consider a fixed point of the fiow (5.1) on . From Lemma ( 5.2 1 we can assume 
that go is Einstein with Rc — Xg, Hq — 0, and s — ~2X. 

To analyze the stability near {go^Ho), we must compute the linearization of the 
flow. Let (jj{e),H{e)) be a variation of {go,Ho) such that 

h £ S^M, 



(5.3) 



g(0) = go, 9e 
H{0)^Ho^O, 



closed 



(M). 



Lemma 5.4. The linearization of (5.1) at a fixed point (go, Ho) with Rc = Xgo and 
Hq = acts on (ft,, 77) by 

(5.5a) dthai3 = Aihap + Va{5h)p + V p{5h)a + V pHo + 2Xhap, 

(5.5b) dtii = AdTy, 

where is the Lichnorowicz Laplacian and is the Laplace- Beltrami operator. 



Proof. This is the same as the proof of Lemma |2.5[ except for the second equation, 
which is easy to check. □ 



As before, we use the DeTurck trick to make the linear (5.11 system strictly 
parabolic. Define a vector field depending on g{t) by 



(5.6) 



y af: 



Sop7 ^ 



1 



L 



. , n 



Let Ft be diffeomorphisms generated by W{t), with initial condition _Fo = id. The 
one-parameter family [F^ g(t), H(t)) is the solution of the curvature-normalized 
connection Ricci-DeTurck flow. A stationary solution [go. Ho) of (5.1) with Rc — 
Xgo and Ho = is then also a stationary solution of the curvature-normalized 
connection Ricci-DeTurck flow. 



Lemma 5.7. The linearization of {5.1) at a fixed point (go, Ho) with Rc — Xgo and 
Hq = is the autonomous, self-adjoint, strictly parabolic system 

(5.8a) dth = L2h = Aih + 2Xh 

(5.8b) dtv = L^v = ^dV + 2A77 

Proof. This is the same as the proof of Lemma |2.8| □ 

Now assume that (go, Hq) is a fixed point of the curvature-normalized connection 
Ricci-DeTurck fiow with go an Einstein metric with negative sectional curvature 
and Ho — 0. 
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Lemma 5.9. Let (.go,i?o) be such that go has negative sectional curvature and 



Ho = 0. Then the linear system (5.8a|-(5.8b| has the following stability properties. 
The operator Lq is strictly stable. 
The operator Li is strictly stable. 

Proof. The statement for Lq follows as in Lemma [2.11| The statement about Li 
follows from integration by parts. □ 

We now turn to the proof of the the main theorem. Again, see the appendix 
for the statment of Simonett's theorem. Recall that if V — > Al is a vector bundle, 
then i)^'^P{V) denotes the completion of the vector space C°°(V) with respect to the 
r + p little-Holder norm. For fixed < ct < p < 1, consider the following densely 
and continuously embedded spaces: 

E„ := tj"+^S'M) X f,°+'^(^23_^(X)) 

U 

u 

U 

For fixed l/2</3<a<l, define the continuous interpolation spaces 

X^ (Xo,Xi)^, Xq (Xo,Xi)a. 

For fixed < e ^ 1, let be the open e-ball around (go, To) in X^, and define 
Gq := Grp n Xq,. 



Proof of Theorem 1.8 Modulo the details of the Holder space setup, this is the 



same as the proof of Theorem 1.2 so we omit the details. Note, however, that it only 



uses a special case of Simonett's theorem, since there are no center manifolds. □ 
Appendix A. Stability Theorem 



We use the following version of Simonett's Stability Theorem. Please see [7,10 
for a versions of the theorem, and [21) for the most general statement. 

Theorem A.l (Simonett). Assume the following conditions hold: 

(1) Xi ^ Xq and Ei ^ Eq are continuous dense inclusions of Banach spaces. 
For fixed < /3 < a < 1, X^ and X^ are continuous interpolation spaces 
corresponding to the inclusion Xi Xq. 

(2) There is an autonomous quasilinear parabolic equation 

(A.2) drg{r) = Q(g(r)), (r > 0), 

with the property that there exists a positive integer k such that for all g in 
some open set C X^, the domain D(Lg) of the linearization Lg of Q at 
g contains Xi and the map g i-> Lgjxi belongs to C'^(G^, £(Xi, Xq)). 

(3) For each g € Gp, there exists an extension Lg o/Lg to a domain D(g) that 
contains Ei (hence is dense in EgJ. 
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(4) For each g G Gq = n Xq, LglEi G >C(Ei,Eo) generates a strongly- 
continuous analytic semigroup on £(Eo,Eo). (Observe that for g G G^, 
this implies that D(g) becomes a Banach space when equipped with the graph 
norm with respect to Eq.J 

(5) For each g G Gq, Lg is the part of Jjg in Xoj^ 

(6) For each g G Gq,. there exists 9 G (0,1) such that Xo = (Eo,D(g))6/ 
andX, ^ {EoMs))i+e, where (Eo,D(g))i+e = {g G^D(g) : Lg(g) G 
(Eo,D(g))e} as a set, endowed with the graph norm ofL^ with respect to 
(Eo,D(g))e. 

(7) El ^ X^ ^ Eq is a continuous and dense inclusion such that there exist 
C > and S G (0, 1) such that for all ry G Ei, one has 

\\vK<CMlr'Mi- 



Let Lg denote the complexification of the linearization Lg of (A. 2) at a stationary 
lution g of ( ^.^ jpl Suppose there exists As > such that the spectrum a o/ Lg 



so 

admits the decomposition a = CTsU{0}, where is an eigenvalue of finite multiplicity 
and CTg C {z : Rez < —As}. // ^ssMmpiio7is[7]-[^ /loW, then: 

(1) For each a G [0,1], there is a direct-sum decomposition X^ — X^ © XJj, 
where X^ is the finite- dimensional algebraic eigenspace corresponding to 
the null eigenvalue of\J^. 

(2) For each r G N, there exists dr > such that for all d G {0,dr], there 
exists a bounded C map 7^ : B(X.i,g,d) — ^ X| such that 72(g) — and 
Dj^{g) = 0. The image of Yd ^*cs in the closed ball B{lil,g,d). Its graph 
is a local C center manifold T^^^ = {{h,Y{h)) : h G B(Ki, g, d)} C Xi 



satisfying TgT^^^ = X^. Moreover, rj"^^ is invariant for solutions of (A. 2) 
as long as they remain in B{X.1,g,d) x B{'K\,0, d) . 
(3) Fix A G (0, As). Then for each a G (0, 1), there exist C > and d G (0, dr] 
such that for each initial datum g(0) G -B(Xq, g, d) and all times r > such 
thatg{T) G -B(Xct,g, d), the center manifold T\^^ is exponentially attractive 
in the stronger space Xi in the sense that 

|k^g(r)-75(^^gW)||x, < ;^e-^nk^g(0)-75ra0))|lx.. 



Here, g(T) is the unique solution of (A. 2), while and tt'^ denote the 



projections onto X^ = (X|,Xq)q, and X^, respectively. 
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